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Abstract
We determine the strong coupling constant αs from the τ hadronic width using a renor-
malization group summed (RGS) expansion of the QCD Adler function. The main theoretical
uncertainty in the extraction of αs is due to the manner in which renormalization group invari-
ance is implemented, and the as yet uncalculated higher order terms in the QCD perturbative
series. We show that new expansion exhibits good renormalization group improvement and
the behaviour of the series is similar to that of the standard CIPT expansion. The value of the
strong coupling in MS scheme obtained with the RGS expansion is αs(M
2
τ
) = 0.338 ± 0.010.
The convergence properties of the new expansion can be improved by Borel transformation
and analytic continuation in the Borel plane. This is discussed elsewhere in these proceedings.
1 Introduction
The inclusive hadronic decay width of the τ lepton provides a clean source for the determination of
αs at low energies [1, 2, 3, 4]. The perturbative QCD contribution is known up to O(α
4
s) [5] and the
nonperturbative corrections are found to be small [6, 7, 8, 9, 10, 11]. The main uncertainties arise
from the treatment of higher-order corrections and improvement of the perturbative series through
renormalization group (RG) methods. The leading methods for the treatment of the perturba-
tive series are fixed-order perturbation theory (FOPT) and contour-improved perturbation theory
(CIPT) [12, 13]. The predictions from these methods are not in agreement and the discrepancy
between them is one of the main sources of ambiguity in the extraction of αs [9, 11, 14, 15, 16].
The above theoretical discrepancy has been the motivation for proposing an alternative ap-
proach. We consider the method developed in [17, 18], using a procedure originally suggested in
[19, 20, 21] which we refer to as renormalization-group summation (RGS). This is a framework
involving leading logarithms summation, in which terms in powers of the coupling constant and
logarithms are regrouped, so that for a given order, the new expansion includes every term in
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the perturbative series that can be calculated using the RG invariance. The results, which are
summarized in this talk, are similar to those in CIPT and predicts αs close to the CIPT prediction
[22]. Note that this method was used for the study of the inclusive decays of the b-quark and the
hadronic cross section in e+e− annihilation [17, 18]. Our work demonstrates that the method can
also be applied with success to the determination of αs from τ hadronic decays.
It must be noted that the QCD perturbative corrections are also sensitive to as yet uncalculated
higher order terms in the series. The coefficients of the perturbative series grow as n! and the series
have zero radius of convergence[23, 24, 25, 26]. Consequently one can study the Borel transform of
the QCD Adler function which has ultraviolet (UV) and infrared (IR) renormalon singularities in
the Borel plane. The divergent behaviour can be considerably tamed by using techniques of series
acceleration based on conformal mappings and ‘singularity softening’ [27, 28, 29, 30, 31, 32]. The
method is not applicable to the perturbative series in powers of αs since the expanded correlators
are singular at αs = 0, but can be applied in the Borel plane. The large order behaviour of the
RGS expansion can be improved using this method [33]. This provides a new class of expansions,
which simultaneously implement the RG invariance and the large-order summation by the analytic
continuation in the Borel plane. The details may be found elsewhere in these proceedings [34].
2 The QCD Adler function
Our treatment begins with the QCD Adler function, which enters the expression for the total
inclusive hadronic width of the τ lepton. The total inclusive hadronic width of the τ provides an
accurate calculation of the ratio
Rτ ≡
Γ[τ− → hadrons ντ ]
Γ[τ− → e−νeντ ]
. (1)
The Cabibbo-allowed combination Rτ,V+A which proceeds through a vector and an axial vector
current can be written as
Rτ,V+A = SEW|Vud|
2
(
1 + δ(0) + δEW + δ
(2,mq)
ud,V/A +
∑
D=4,6,...
δ
(D)
ud,V/A
)
, (2)
where SEW and δEW are electroweak corrections, δ
(0) is the dominant universal perturbative QCD
correction, and δ
(D)
ud denote quark mass and higher D-dimensional operator corrections (conden-
sate contributions) arising in the operator product expansion (OPE). Our main interest is in the
perturbative correction δ(0) which can be written as
δ(0) =
1
2πi
∮
|s|=M2
τ
ds
s
(
1−
s
M2τ
)3(
1 +
s
M2τ
)
Dˆpert(s), (3)
where Dˆpert(s) ≡ D
(1+0)(s) − 1 is the perturbative part of the reduced function Adler function.
The perturbative expansion of D̂(s) in the “fixed-order perturbation theory” at µ2 =M2τ reads [9]
D̂FOPT(as, L) =
∞∑
n=1
ans
n∑
k=1
k cn,k L
k−1 . (4)
where
as ≡ αs(µ
2)/π, L ≡ ln(−s/µ2). (5)
The coefficients cn,1 in the MS scheme for nf = 3 flavours are (cf. [5] and references therein):
c1,1 = 1, c2,1 = 1.640, c3,1 = 6.371, c4,1 = 49.076. (6)
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Several estimates for the next coefficient c5,1 are available [8, 9, 11, 16]. The remaining coefficients
cn,k for k > 1 are determined from renormalization-group invariance. The function D̂pert is scale
independent and therefore satisfies the RG equation
µ2
d
dµ2
[
D̂pert(s)
]
= 0, (7)
which takes the form
β(as)
∂D̂pert(s)
∂as
−
∂D̂pert(s)
∂ ln(−s/µ2)
= 0, (8)
where
β(as) ≡ µ
2 das(µ
2)
dµ2
= −(as(µ
2))2
∞∑
k=0
βk(as(µ
2))k (9)
is the β function. The known βj coefficients are [35, 36, 37]:
β0 = 9/4, β1 = 4, β2 = 10.0599, β3 = 47.228. (10)
The series (4) is badly behaved especially near the time-like axis due to the large imaginary
part of the logarithm ln(−s/M2τ ) along the circle |s| = M
2
τ [12, 13]. The choice µ
2 = −s provides
the CIPT expansion [12, 13]
D̂CIPT(s) =
∞∑
n=1
cn,1(as(−s))
n , (11)
where the running coupling as(−s) is determined by solving the renormalization-group equation (9)
numerically in an iterative way along the circle, starting with the input value as(M
2
τ ) at s = −M
2
τ .
This expansion avoids the appearance of large logarithms along the circle |s| =M2τ .
3 Renormalization-Group Summation
The expansion of the Adler function (4) can be written in the RGS form [22, 33]
D̂FOPT(as, L) =
∞∑
n=1
ansDn(asL), (12)
where the functions Dn(asL), depending on a single variable u = asL, are defined as
Dn(u) ≡
∞∑
k=n
(k − n+ 1)ck,k−n+1u
k−n. (13)
The function D1 sums all the leading logarithms, the second function D2 sums the next-to-
leading logarithms, and so on. These function can be obtained in a closed analytical form using
RG invariance through the equation (8) and the expansion (12). This gives the following RGE
equation
0 = −
∞∑
n=1
n∑
k=2
k(k − 1)cn,k a
n
sL
k−2
−
(
β0a
2
s + β1a
3
s + β2a
4
s + . . .+ βla
l+2
s + . . .
)
×
∞∑
n=1
n∑
k=1
nkcn,ka
n−1
s L
k−1. (14)
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By extracting the aggregate coefficient of ansL
n−p one obtains the recursion formula (n ≥ p)
0 = (n− p+ 2)cn,n−p+2 +
p−2∑
ℓ=0
(n− ℓ− 1)βℓcn−ℓ−1,n−p+1. (15)
Multiplying both sides of (15) by (n− p+ 1)un−p and summing from n = p to ∞, we obtain a set
of first-order linear differential equation for the functions defined in (13) for n ≥ 1:
dDn
du
+
n−1∑
ℓ=0
βℓ
(
u
d
du
+ n− ℓ
)
Dn−ℓ = 0, (16)
with the initial conditionsDn(0) = cn,1 which follow from (13). The solution of the system (16) can
be found iteratively in an analytical form. The solutions Dn(u) depend on the coupling constant
and logarithms. The expressions of Dn(u) for n ≤ 4, written in terms of the coefficients ck,1 with
k ≤ n and βj with 0 ≤ j ≤ n− 1, are:
D1(u) =
c1,1
w
, w = 1 + β0u,
D2(u) =
c2,1
w2
−
β1c1,1 lnw
β0w2
, (17)
D3(u) =
(β21 − β0β2)c1,1
β20w
2
+
[
(−β21 + β0β2)c1,1
β20
+ c3,1
]
w−3 (18)
+
[
−
β1(β1c1,1 + 2β0c2,1) lnw
β20
+
β21c1,1 ln
2 w
β20
]
w−3.
D4(u) = −
(β31 − 2β0β1β2 + β
2
0β3)c1,1
2β30
w−2 −
[
β1(−β
2
1 + β0β2)c1,1
β30
+
2(−β21 + β0β2)c2,1
β20
]
w−3
+
2β1(−β
2
1 + β0β2)c1,1 lnw
β30
w−3 +
[
(−β31 + β
2
0β3)c1,1
2β30
+
2(−β21 + β0 β2)c2,1
β20
+ c4,1
]
w−4
−
β1(−2β
2
1c1,1 + 3β0β2c1,1 + 2β0β1c2,1 + 3β
2
0c3,1) lnw
β30
w−4
+
β21(5β1c1,1 + 6β0c2,1) ln
2 w
2β30
w−4 −
β31c1,1 ln
3 w
β30
w−4.
The higher order solutions can be found in Ref. [22]. These expressions are used for computing
the perturbative contribution to the hadronic width of the τ lepton and the subsequent extraction
of αs(M
2
τ ).
4 The properties of the RGS expansion
We now discuss the properties of the RGS expansion in the complex momentum plane, along the
circle s = M2τ exp(iθ). In Fig. 1, we show the behaviour of the modulus of the Adler function
along the circle given by the first N = 5 terms in the expansions (4), (11) and (12), respectively.
In this calculation and below we used the standard value αs(M
2
τ ) = 0.34, adopted also in previous
studies [9, 31]. One may see that the behaviour of the new RGS expansion is similar to that of the
CIPT expansion.
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Figure 1: Modulus of the Adler function expansions (4), (11) and (12), summed up to the order
N = 5, along the circle s = M2τ exp(iθ).
In Table 1, we show the values of the quantity δ(0) defined in (3), calculated with FOPT, CIPT
and RGSPT, as a function of the perturbative order up to which the series was summed. We
observe that CIPT shows a faster convergence compared to FOPT. To order N = 4, the difference
between FOPT and CIPT is 0.0215, which is the main source of the theoretical uncertainty in the
extraction of αs from the hadronic τ decay rate. The new RGS expansion, as remarked earlier,
shows the convergence which is similar to the CIPT expansion. We note that for N = 4, the
difference between the results of the RGS and the standard FOPT is 0.01754, and the difference
from the RGS and CIPT is 0.0039, which confirms that the new expansion gives results close to
those of the CIPT. For N = 5, using the estimate c5,1 = 283 from [9], we find that the RGS differs
from FOPT by 0.0232, and from CIPT by 0.0035.
Table 1: Predictions of δ(0) by the standard FOPT, CIPT and the RGS, for various truncation
orders N .
δ
(0)
FOPT δ
(0)
CIPT δ
(0)
RGS
N = 1 0.1082 0.1479 0.1455
N = 2 0.1691 0.1776 0.1797
N = 3 0.2025 0.1898 0.1931
N = 4 0.2199 0.1984 0.2024
N = 5 0.2287 0.2022 0.2056
It would be of interest to study the behaviour of RGS expansion at higher orders which are
not shown in the Table 1. This is the subject of the next section, in a model for higher order
coefficients of the Adler function.
5 Higher order behaviour of the RGS expansion
As discussed earlier, the extraction of αs from the hadronic τ decays width is also sensitive to the
large order behaviour of the QCD perturbative series. It is of interest to check if the low order
behaviour of the new RGS expansion persists at higher orders. This investigation was carried out
in [22, 33] in a model proposed in [9]. In this model, the RGS expansion of the QCD Adler function
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has a behaviour which is similar to that of CIPT and eventually exhibits big oscillations, showing
the divergent character of the QCD perturbative series at higher orders. In Fig. 2, we show the
behaviour of FO, CI and RGS expansions in the so-called “reference model” defined in [9, 38].
The RGS results are close to those of CIPT at every order up to N = 10. In this model, FOPT
expansion approaches better the ‘true value’.
Figure 2: Dependence of δ(0) in FOPT, CIPT and RGS on the truncation order N in the Beneke
and Jamin model [9]. The gray band is the exact value.
A method for taming the divergent behaviour of the QCD perturbative expansions was proposed
in [27, 28, 29, 30, 31, 32], using the series acceleration by the conformal mappings of the Borel
plane and the implementation of the known nature of the leading singularities in this plane.
In Ref. [33], we applied these techniques to the RGS expansion and defined a novel, RGS
non-power (RGSNP) expansion of the QCD Adler function, in which the powers of the coupling of
the standard expansion are replaced by suitable functions that resemble the expanded amplitude
as concerns their singularities and the expansions in powers of αs. The non-power expansions
show remarkable convergence properties for the Adler function, which is the crucial input in the
determination of αs from hadronic τ decays. This is reviewed elsewhere in these proceedings [34].
6 Determination of αs(M
2
τ ) from RGS expansion
In this section, we present the derivation of αs(M
2
τ ) following Ref. [22]. We use as input the
coefficients cn,1 calculated from Feynman diagrams, given in (6), and the estimate c5,1 = 283±283
[9, 16]. We need also the phenomenological value of the pure perturbative correction to the hadronic
τ width, for which we adopt the recent estimate [16],
δ
(0)
phen = 0.2037± 0.0040exp ± 0.0037PC, (19)
where the first error is experimental and the second shows the uncertainty due to the power
corrections. This value has been used in several recent determinations [30, 16, 31]. With this input
we obtain
αs(M
2
τ ) = 0.3378± 0.0046exp ± 0.0042PC
+0.0062
−0.0072(c5,1)
+0.0005
−0.0004(scale)±
+0.000085
−0.000082 (β4). (20)
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In the above, the first two errors are due to the corresponding uncertainties of δ
(0)
phen given in (19),
while the third is due to the uncertainty of the coefficient c5,1 with the conservative range adopted
above, the fourth is due to scale variation, and the last one is due to the effect of the truncation
of the β-function expansion. The details may be found in [22]. We observe that αs(M
2
τ ) is not
sensitive to the variation of the scale. The largest error comes from the uncertainty of the five loop
coefficient c5,1. This was also observed in the standard CIPT analysis [11, 14] and in the analysis
based on the CI expansions improved by the conformal mappings of the Borel plane [30, 31].
Combining in quadrature the errors given in (20), the prediction based on RGS expansion reads
[22]
αs(M
2
τ ) = 0.338± 0.010. (21)
We mention that for the same input (19) the standard FOPT and CIPT give, respectively,
αs(M
2
τ ) = 0.320
+0.012
−0.007, FOPT,
αs(M
2
τ ) = 0.342± 0.012, CIPT. (22)
For comparison we mention also the value αs(M
2
τ ) = 0.320
+0.019
−0.014, obtained recently in Ref. [31] with
the same input (19) and the CI non-power (CINP) expansion and the value αs(M
2
τ ) = 0.319
+0.015
−0.012
determined by the RGS non-power (RGSNP) expansion in the Ref. [33] based on the analytic
continuation in the Borel plane.3 After evolving to the scale of MZ , the RGSNP prediction of
αs reads αs(M
2
Z) = 0.1184
+0.0018
−0.0015. The special features of this latter expansion will be discussed
elsewhere in these proceedings [34].
7 Conclusion
In this talk, we have presented our recent results on the determination of the strong coupling
constant αs from the τ hadronic width, based on the formalism which we denote as RGS expansion
of the Adler function. Due to the present discrepancy in the determination of the αs from hadronic
τ decays, any alternative approach besides FOPT and CIPT, must be pursued. It must, however,
be noted that the RGS framework is an important framework, which was simply not explored in
detail earlier in the context of the hadronic decay of the τ lepton. Our work fills this gap. The
method discussed in this talk exploits RG invariance in a complete way, providing analytical closed
form solutions to a definite order. The truncated summation of the perturbative series differ among
each other by terms of the order αN+1s . This difference turns out to be quite important for the
low scale relevant in τ decays.
We have discussed in detail the properties of the RGS expansion, including its properties in the
complex energy plane and concluded that these properties are similar to those of CIPT expansion.
We also provide the value of the strong coupling αs from this expansion, which is closer to CIPT
prediction. We conclude that the the summation of leading logarithms provides a systematic
expansion with good convergence properties in the complex plane, including the critical region
near the time-like region.
The determination of αs is also ambiguous due to the effect of the as yet uncalculated higher
order terms in the perturbative expansion of the hadronic width. This ambiguity is amplified by
the fact that the perturbative series is divergent, the coefficients displaying a factorial increase. In
QCD, due to the presence of the UV and IR renormalon singularities situated on the real axis in
the Borel plane, the Borel-Laplace integral giving the expanded correlators in terms of their Borel
3The question of the uncertainties due to the nonperturbative corrections has been recently addressed in detail in
the Ref. [39], where an error larger than that quoted for power corrections in the Eq. (19) has been obtained. Using
this more conservative input will slightly increase the error in the predictions above. For instance, as discussed in
[33], for the RGSNP prediction the upper and lower errors change to 0.017 and 0.015 respectively.
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transform requires a prescription. Using the Principal Value prescription and the technique of
series acceleration by conformal mappings and singularity softening in the Borel plane developed
in [27] - [32], we have defined in [33] a new kind of expansion, referred to as RGS non-power
(RGSNP) expansion. The divergent behaviour of the standard perturbative series is considerably
tamed in the non-power expansions, which show good convergence in the complex energy plane.
More details may be found in Refs. [33, 34].
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